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Stochastic radiation pattern

dP (r,Q) =7

» Radiation pattern changes in frequency and time
» Changes occur rapidly

» Uncertain/unknown frequency and time behavior
» Random fields radiated in near- and far-field
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|dea: near-field measurement to predict far field propagation [Yaghijan]

VNA

» Scan simultaneously over large area, or...
» Scan sequentially with a phase-reference
» No phase-reference (trigger) in frequency (time)
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|dea: field-field correlation function [Bolomey]

VNA T=T,T,...,Ty

» Use additional probe as "‘reference”
» Near-field dual probe system required
> Repeat measurements of field pairs

I'. (xl,xz) = <q0Z (XI,T)QD: (xz,‘v)>t = <,0Z (xl,xz;r)>T
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Complex wave source radiating in either free space or inside a cavity

Propagation from complex wave sources

« Spatially extended

« Fast and random voltage/current signals
« Broad frequency band

« Non-stationary radiation

In absence of phase reference

L (x,x,;7) = <Hy (x.0,)H, (xz,t2)>

T=t1 —tz

Reference probe
Given the correlation function near the source
(boundary conditions), what is the correlation
H, (x,r)= magnetic field far from the source?
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University ““momentum” space

Represent field on a Fourier (("momentum”) basis

C.(popost) = (A, (pot) H, (p2o12))

Use Huygens principle with measured boundary conditions

F pl’p2 [ (p2))]fz=0 (pl’pZ)

\/ -p>, p<l
ip -1, p>1

From probe measured fields near the source

R. Littlejohn, R. Winston; J. Opt. Soc. Am. A10 9, 1993
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» Use Green’s second identity on source surface ¢S

./
r oy 0 G "
2S cn on

» Change to momentum basis (partial Fourier transform) >, (p, t)

kp = ksinf
C 9 ' ’
KT (p) = kcosf

» (Calculate Dirichlet-to-Neumann condition

0o
cn

= kT (p) 7o

= Arrive at propagated field ¢, (p, t) = €®T(P)ijy (p, t), and correlation

T(p) - J1—p2, p<1 Y—H,
in/ P? —1 p > 1 T —h

24



Global

The University of

Top 100 Transport of Wigner functions ﬂ' Nottingham

U nive rSity UNITED KINGDOM - CHINA - MALAYSIA

k' G- .
Wz(x,p)=(—) fl"z(p+%,p—%)exp(—zkpq)dq

sl

(Pi-p) =exp|ike(T(p))=T" (p,)) [T s (P1: )
I
L 0(p+621,p——) fWZ o (X, p)exp (ikqx)dx

Cascaded substitution yields an exact transfer operator

|4 (x,p) = }GZ (x,x';p)WZ:O (x',p)dx'

G. Gradoni, S. C. Creagh, G. Tanner, C. Smartt, D. W. P. Thomas, “A Phase-Space Approach for
Propagating Field-Field Correlation Functions,” New J. Phys. 17 (2015) 093027
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© ik(x—x' )q+ikz

G.(xx3p.0) = 6(p-p) [e ’“(’”*Z)"“*(”‘Zﬂdq

1. Propagating waves G, (x,x';p,p') = 5(p—p)5(x—x P ]
2. Evanescent waves G. ( X, xX:p, p‘) - 5( . p') 2t

G. Gradoni, S. C. Creagh, G. Tanner, C. Smartt, D. W. P. Thomas, “A Phase-Space Approach for
Propagating Field-Field Correlation Functions,” New J. Phys. 17 (2015) 093027
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At leading order we find I/Map M~ of the classical trajectories
S| x —x+z7—L , p<l
Gz(x,x';p)z< 1—]?2
6(x —x)emzm, p>1

thus

P
W_, (X — Z,P], P <l Perron-Frobenius operator
W(x,p)z< \/1—1’?2

W, (x,p)e_%Z Vief =1 p>1 Evanescent operator

) : — p
The leading order approximation is: Wi x,p;k)=W_ | x—z7—, p;k
g pp (%, psk) z_o( Wp )
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In presence of stochastic field, incomplete field information:
ensemble average

Lo (x,x,)= <(pz (xl’tl;r)(p: (x2’t2;r)>f

d o
Wz(x,p;k)=(£) fFZ(x+%,x—%;k)exp(—ikps)ds

—0

Wigner transport equation

) ) P
' | x+—,x——k|=FTI{W_ | x—7—,p;k
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Spatial coherence as a model for the random emission of complex sources

Partially coherent (Schell model) Coherence factor:

[ (x, %) =1(x,, %, ) (%, - x,) 0=p(x -x,)=<1

X s

I“(xl,xz) = I(%)M(xl —xz) —

Uncorrelated/incoherent

Quasi-homogeneous

Example:
Gauss-Schell
in statistical
optics

Completely coherent
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Source correlation Exact Perron-Frobenius
1 05 W/Z=IOA, ('x’ p)
o+ @ 1 ()
0.3 0.5
e 0 0.25 04 .
. 03 o / H
-0.5 021 0.2 .
. @ 0.05 ] . y
° < i - 10 0 10
A=03m
o,=10m
o,=0.1m
W_,(x.p)= \/ﬂaslo exp|- ;; - k2p220S2

l-p
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(b)
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University on Wigner’s functions

Gaussian beam
| Gaussian beam

Fringes from
interference:
additional state

32



Global
Top 100

Realistic statistical A rHh
U nive rSity source UNITED KINGDOM -« CHINA - MALAYSIA

Realistic scenario: wire array on a ground plane

Random (uniformly distributed) voltages driving cable wires
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Near-field correlation: evanescent waves
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Credit: Christopher Smartt & David Thomas, George Green Institute for
Electromagnetic Research, UoN

34



